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Abstract: Bianchi black branes (black brane solutions with homogeneous but
anisotropic horizons classified by the Bianchi type) provide a simple holographic
setting with lattice structures taken into account. In the case of holographic super-
conductor, we have a persistent current with lattices. Accordingly, we expect that in
the dual gravity side, a black brane should carry some momentum along a direction of
lattice structure, where translational invariance is broken. Motivated by this expec-
tation, we consider whether—and if possible, in what circumstances—a Bianchi black
brane can have momentum along a direction of no-translational invariance. First,
we show that this cannot be the case for a certain class of stationary Bianchi black
brane solutions in the Einstein-Maxwell-dilation theory. Then we also show that this
can be the case for some Bianchi VII0 black branes by numerically constructing such
a solution in the Einstein-Maxwell theory with an additional vector field having a
source term. The horizon of this solution admits a translational invariance on the
horizon and conveys momentum (and is “rotating” when compactified). However
this translational invariance is broken just outside the horizon. This indicates the
existence of a black brane solution which is regular but non-analytic at the horizon,
thereby evading the black hole rigidity theorem.
∗Address after April 1, 2014: Department of Physics, Osaka University, 560-0043, JAPAN
Contents
1. Introduction 1
2. Symmetries on the horizon 4
3. Symmetries in the bulk: A no-go in Einstein-Maxwell-dilaton the-
ory 7
3.1 Bianchi VII0 model 8
3.2 Bianchi VI0 10
3.3 Bianchi II 11
4. Symmetries broken in the bulk, restored on the horizon 12
4.1 Our model 12
4.2 Equations of motion 13
4.3 Numerical solution 15
5. Summary and discussion 19
A. Bianchi classification 20
1. Introduction
Recent developments of revealing a rich class of new IR structure of black holes/branes
show that various different classes of field theory dynamics could be realized in black
hole/brane solutions in gravity side. One of these examples is holographic supercon-
ductor/superfluidity [1, 2, 3, 4, 5, 6]. Symmetry breaking in the IR in gauge theory
is reflected as various new hairy black brane solutions in gravity. Another interesting
black brane solutions are Lifshitz geometry [7, 8, 9] and so-called geometry with hy-
perscaling violation [10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. There, geometry shows more
anisotropic solution in the sense that scaling dimension is more generic than Lorentz-
invariant case, but respects spatial rotation and translational invariance in the IR.
Therefore these can be bulk dual to homogeneous and isotropic but not necessary
Lorentz invariant field theory. Furthermore, these geometries can admit vanishing
entropy density at the zero temperature limit, which is natural from thermodynami-
cal point of view. As an attempt to explore various IR geometries, the 5-dimensional
extremal black brane geometries which admit homogeneous but anisotropic in IR
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are classified using the so-called 3-dimensional “Bianchi”-classification [20]. More
generic exotic brane classification, using 4-dimensional extension of 3-dimensional
Bianchi-classification, was done in 3-dimensional Bianchi-classification [21]. These
correspond to the vacuum classification in the boundary gauge theories.
These Bianchi black branes are interesting since they do not in general admit
translational invariance, but rather admit non-commutative three Killing vectors ξi
that obey nontrivial Lie algebra. Since ∂xi, a spatial shift translation along x
i, does
not necessarily coincide a Killing vector except Bianchi I, the geometry does not
in general have a translational invariance along the direction of xi. An especially
interesting class is of type VII0, in which the three-dimensional homogeneous space
forms a periodic “helical structure”. As pointed out by [22], the directions with no
translational invariance can be regarded as “latticed directions”. Lattice effects which
break the translational invariance are especially interesting and important in realistic
condensed matter systems because momentum dissipation occurs due to the lattice.
Quite recently, we have shown that there exists a new stationary hairy Bianchi VII0
black brane solution dual to a superconducting state in the strongly coupled field the-
ory side and the angular momentum exists along the “latticed direction” [23] (See also
the recent analysis of lattice effects in holographic superconductors [24, 25]). This
implies that persistent current exists along the latticed direction and its resistance
becomes zero even though there is no translational invariance along the direction of
the current.
From general relativistic point of view, it is also interesting to consider in what
circumstances a black brane can have momentum (if possible) along a direction with
no translational symmetry. In the asymptotically flat case, one can speculate what
would happen when an asymmetric black hole rotates: It would emit gravitational
waves that carry angular momentum away, and eventually the rotation of the black
hole would be damped out and the geometry would approach a static solution. In
other words, as long as it is rotating, an asymmetric black hole will never be exactly
stationary. This view is closely related to a consequence of the black hole rigidity
theorem [26, 27, 28] that a stationary rotating black hole must be axisymmetric.
However, in the asymptotically AdS black hole case, which is more relevant to the
holographic context, the emitted gravitational radiation would be reflected back by
the AdS infinity and its backreaction could possibly make the geometry either a state
of forever dynamical (see, e.g., [29, 30, 31, 32]) or an equilibrium state with no ax-
isymmetry due to the presence of gravitational waves outside the horizon, besides the
possibility that the geometry would settle down to another stationary, axisymmetric
solution. In particular, for the equilibrium, non-axisymmetric case, the event hori-
zon itself does not rotate with respect to the generator of the stationary symmetry
according to the rigidity theorem, but instead some radiation outside the horizon
would carry the angular momentum, presumably making the bulk geometry non-
static. If some matter fields are included, they could also be a carrier of (part of)
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the angular momentum. (This is in fact the case in our previous paper [23]. See also
an earlier result along this line [33]). Furthermore, in the context of gauge/gravity
duality, we are typically concerned with black branes with non-compact horizon, to
which the standard form of the rigidity theorem no longer applies, as the compact-
ness of horizon cross-sections is one of the essential requirements for the proof of the
theorem. (See also references [34, 35] for constructions of black branes that evade
the rigidity theorem by considering non-compact horizons.) It is therefore worth
considering what would happen when a black brane, whose horizon cross-sections
are not necessarily compact, gains momentum along a direction of no translational
symmetry. For this line of study, the Bianchi black brane models described above
provide a good starting point since, as we will see later, the equations of motion for
the Bianchi models reduce to a set of ordinary differential equations.
The purpose of this paper is to reveal some non-trivial relation between the
symmetry and momentum of a certain class of Bianchi black brane models that are
expected to be dual to strongly coupled quantum systems, such as superconductors
with lattices. We will supply a new example of Bianchi black brane solutions in the
Einstein-Maxwell theory with an additional vector field. In our previous paper [23],
we have constructed a stationary hairy Bianchi VII0 black brane solution, in which
the horizon is not rotating but matter fields carry momentum. The point of our
construction in [23] is that a U(1) gauge field acquires a mass, which is a desired
phenomenon in accord with a superconducting state in the dual theory side. Then
one might expect that a Bianchi black brane cannot carry momentum unless a gauge
field of the model becomes massive. We will show that this is indeed the case in
the same type of Bianchi black branes considered in [23] in Einstein-Maxwell and
Einstein-Maxwell-dilaton theories.
We shall also explore another possibility that a black brane can have momentum
along a direction of no translational invariance even in the case that a gauge field
involved does not gain a mass. We will numerically construct such an example for
black branes of Bianchi VII0 type, by considering a model with a source term in
the bulk Lagrangian. In this solution, the horizon can be compactified and is in
fact “rotating” (when compactified) along the direction of translational invariance
on the horizon and hence conveys momentum. However, this translational invariance
is actually violated just outside the horizon. This would be impossible if the metric
and fields are analytic in a neighbourhood of the horizon, since in that case, the
geometry—in particular, its symmetry property—near the horizon can be uniquely
extended into the entire region by analytic continuation (under an additional condi-
tion of simple connectedness). Therefore this solution indicates, within the accuracy
of our numerical method, the existence of a black brane which is regular but is not
analytic at the horizon. The analyticity is a crucial requirement for the proof of
rigidity theorem, besides the compactness of the horizon cross-sections. Therefore,
although a mathematically more rigorous proof for this to be truly so is desired,
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our solution provides a qualitatively new, intriguing example of regular black branes
which possess a stationary Killing vector field tangent to the horizon but nevertheless
evade the rigidity theorem by the violation of analyticity.
The organization of this paper is as follows. In the next section, we show a
theorem concerning the decomposition of Killing symmetry on the event horizon in a
class of stationary Bianchi black branes. In section 3, we show that Einstein-Maxwell
theory or Einstein-Maxwell-dilaton theory cannot have a rotating black brane solu-
tion with momentum/rotation along the direction of no translational invariance for
the same class of stationary Bianchi black branes considered in section 2. This corre-
sponds to the lack of persistent current in normal phase (non-superconductor) along
the direction of no translational invariance. In section 4, we illustrate a model with
a source term in the bulk Lagrangian which generates an explicit stationary solution
where the horizon is rotating along the direction of no translational invariance except
the horizon. Section 5 is devoted to summary and discussion.
2. Symmetries on the horizon
In this section and the next, we show that the event horizon in a certain class of
stationary 5-dimensional Bianchi black branes cannot rotate along the direction of
no translational invariance. As discussed above, this is reminiscent of the black hole
rigidity theorem. However it should be noted that the rigidity theorem requires, in
an essential way, the compactness of the horizon cross-sections. In contrast, we will
here deal with stationary black brane whose horizon cross-sections are not necessar-
ily compact. In this section we discuss symmetry aspects focusing on the horizon,
without any restriction to the type of theories, other than the requirement of null
convergence condition. In the next section we turn our attention to the exterior of the
horizon and consider momentum carried by matter fields within Einstein-Maxwell(-
dilaton) theory.
In what follows, by 5-dimensional stationary Bianchi black brane we mean a
stationary geometry containing a black hole, whose exterior region can be foliated
by 4-dimensional timelike homogeneous hypersurfaces N (r), labeled by a parameter r
and spanned by mutually independent four Killing vector fields, k and ξI (I = 1, 2, 3).
Here k is an asymptotically timelike Killing vector field with complete orbits, and ξI
are assumed to be everywhere spacelike, commute with k, and satisfy the Lie algebra
[ξI , ξJ ] = C
K
IJξK (2.1)
in the Bianchi classification (see Appendix A in detail). Then, with the foliation
parameter r suitably chosen as the radial coordinate and the Killing parameter t of
k = ∂t as the time coordinate, the 5-dimensional metric is written as
ds25 = −h dt2 +
dr2
f
+ 2N˜Idt ω
I + g˜IJω
IωJ , I, J = 1, 2, 3 , (2.2)
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where h, f , N˜I , and g˜IJ are functions of r only, and each ω
I denotes the invariant one-
form associated with ξI . When the shift vector N˜I is non-vanishing, the spacetime
can possess momentum/rotate with respect to the asymptotic observers along the
orbits of k. When the horizon is rotating, h is negative since k becomes spacelike
on the horizon, i.e., g5(k, k) > 0. Let us denote the location of the horizon H by
r = rh (f(rh) = 0). Then, the horizon H consists of a homogeneous null hypersurface
spanned by ξI and k in the limit, r → rh, of N . Now choose a horizon cross-section
Σ of H in a way that on H , k is everywhere transverse to Σ. Then Lie-dragging Σ
by k defines a foliation Σ(u) of H , where the parameter u is given so that Lku = 1.
Theorem. 1 Consider a 5-dimensional stationary black brane with the stationary
Killing vector k, and choose a horizon cross-section Σ in the manner described above.
Then k is uniquely decomposed into a null vector field n normal to H and a spacelike
vector η lies in Σ as
k = n− η . (2.3)
Now suppose Σ admits the Bianchi symmetry of the type II, VI0, or VII0. Then,
under the null energy condition, either η = 0, or η must be a Killing vector of Σ,
irrespective of Σ being compact or non-compact.
Proof. Since k generates an isometry, it must be tangent to H . When k is normal to
H , η is identically zero. So, hereafter we focus on the case that k is spacelike on H
and hence N2 := g5(k, k) > 0 on H . Since the Killing vectors k and ξ
I all tangent
to H , the metric of H may be written by a local coordinate u with Lku = 1 as
ds24 = N
2du2 + 2NNIω
Idu+ gIJ ω
IωJ , (2.4)
where N , NI , and gIJ are constants satisfying det gIJ > 0 (in addition to N
2 > 0
mentioned above) and where, furthermore, the determinant of the gram matrix of
k and ξI is required to vanish. If one expands η by the invariant vectors XI as
η = αI XI , then the coefficients α
I (= gIJαJ) is uniquely determined by
αI = −N NI , NI N I = 1 (2.5)
by the conditions g4(n, n) = 0 and ∂αIg4(n, n) = 0, as H is an achronal surface
1. It
is straightforward to check that the gramian in fact vanishes.
Now let us consider a symmetric tensor Bij defined by Bij := ∇̂ilj (i, j = 1, 2, 3)
with l being the tangent vector for the null geodesic generator of H with an affine
parameter λ, where the hat means the projection onto the spatial cross-section Σ 2,
1An achronal surface is a surface which contains no two points with timelike separation. The
only non-spacelike curve that can lie in H is a null geodesic on H .
2Since l is a hypersurface orthogonal, the anti-symmetric part of Bij automatically vanishes.
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and here and hereafter the indices i, j = 1, 2, 3 denote local coordinates xi on Σ.
Then, the expansion θ and the shear tensor σij are defined by
θ = Bi
i, σij = Bij − 1
3
θgij =
1
2
Llgij − 1
3
θgij , (2.6)
where gij is the induced metric of Σ. By rewriting l as l = f n with some appropriate
function f , the expansion θ is calculated as
θ = gijBij =
1
2
fgijnµ∂µgij + fα
I∂iXI
i , (2.7)
where we used g4(n, ∂i) = 0. Note that if the horizon cross-section is compact,
hence the area of Σ is well-defined, then one can immediately show that θ = 0 under
the null convergence condition by exploiting type of arguments used for the area-
theorem [26]. However we do not proceed in that way, as we are interested also in
the case where the horizon cross-sections are non-compact.
Now here we use some particular property of the Bianchi type II, VI0, VII0: For
those, we find that the divergence, ∂iXI
i, of the invariant vector XI vanishes for an
arbitrary index I. Using this fact, we then find that
θ =
1
2
fgijnµ∂µgij =
1
2A
dA
dλ
, (2.8)
where A = det(gij). In terms of the local coordinates x
i, gij on Σ is given by
ds23 = ĝIJ ω
I(x)ωJ(x) = gij(x)dx
idxj, I, J = 1, 2, 3,
gij(x) = ĝIJ Λ
I
i(x)Λ
J
j(x), ω
I(x) := ΛI i(x)dx
i. (2.9)
Along each null geodesic congruence of l, the Raychaudhuri equation holds:
dθ
dλ
= −σijσij −Rµν lµlν − 1
3
θ2. (2.10)
Here we use again a particular property of Bianchi II, VI0, VII0: For those types, one
can find that besides the fact that ĝIJ is a constant matrix on H , the determinant
det ΛI i(x) also becomes constant. Then it follows that A also must be constant, and
hence θ = 0 along H . This immediately yields
Rµν l
µlν = −σijσij . (2.11)
Since the null energy condition is imposed, it must be that Rµν l
µlν ≥ 0. This would
imply that 2σij = Llgij = 0 for any i and j. By using l = fn and g4(∂i, n) = 0, we
have
Llgij = fLngij = fLηgij = 0 . (2.12)
Therefore η must be a Killing vector on Σ. 
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It is worth mentioning to the other Bianchi models. In general, θ 6= 0, as det ΛI i
depends on the local coordinate xi. In this case, θ must be positive in the future
direction according to the area theorem or the second law of the thermodynamics,
implying that the entropy density continues to increase. As suggested in the inho-
mogeneous models [34, 35], such a dissipating stationary black brane solution could
exist even in the homogeneous case.
3. Symmetries in the bulk: A no-go in Einstein-Maxwell-
dilaton theory
In this section, we will complete our proof that momentum must be zero along the
directions with no translational symmetry by showing that the shift vector N˜I in
Eq. (2.2) is identically zero outside the horizon. As we mentioned in Sec. 1, the
proof crucially depends on whether gauge field acquires a mass or not. In fact, if
U(1) gauge field acquires the mass, the gauge field outside the horizon can possess a
momentum along the direction with no translational symmetry [23].
Since we are interested in the case where the mass of the gauge field is zero, we
proceed by restricting ourselves to the following Einstein-Maxwell (dilaton) theory:
S =
∫
d5x
√−g
(
R− (∇φ)2 − 1
4
e2αφF 2 − 1
4
W 2 − V (φ)
)
, (3.1)
where Aµ and Bµ are gauge potential one-forms and their field strengths are F = dA
andW = dB, respectively. Here, α is an arbitrary parameter and V (φ) is an arbitrary
potential of the dilaton field φ such that V has an extreme value −12/L2 at φ = φ0
and satisfies the BF bound. The one-form B plays a role for inducing the helical
lattice effect on the bulk in Bianchi VII0 black brane spacetime, as shown in [22, 23].
The equations of motion are
Rµν = ∇µφ∇νφ+ 1
2
e2αφFµρFν
ρ +
1
2
WµρWν
ρ
−gµν
(
1
12
(e2αφ F 2 +W 2)− 1
3
V (φ)
)
, (3.2)
√−g∇ν(e2αφF µν) = ∂ν(
√−ge2αφF µν) = 0 , (3.3)√−g∇νW µν = ∂ν(
√−gW µν) = 0 , (3.4)
∇2φ− 1
4
αe2αφF 2 − 1
2
∂V
∂φ
= 0 . (3.5)
To simplify the analysis, we shall restrict the metric (2.2) into the following
particular form
ds2 = −fdt2 + dr
2
f
+ e2v3(dx1 + Ω dt)2 + e2v1(ω1)2 + e2v2(ω2)2, (3.6)
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where ∂x1 is a direction of no translational symmetry, as explained below. We assume
f,Ω, vi are functions of r only. In general, the asymptotic behavior of the functions
f and vi are given by
f =
r2
L2
+O(1), vi ≃ ln r + 1
2
lnCi, Ω = Ω0 +
Ω1
r4
, (3.7)
where Ω0, Ω1 are constants and Ci are positive constants. Since we are seeking for
a solution where momentum flow occurs without non-normalizable mode, we shall
impose
Ω0 = 0 (3.8)
as an asymptotic condition for Ω.
Note that the subleading constant term in f comes from the curvature of the
three dimensional homogeneous Bianchi space. So, strictly speaking, the geometry
does not asymptotically approach AdS spacetime, which is conformally flat. However,
in this paper, let us simply call such a geometry by asymptotically “AdS”spacetime
in the sense that the leading terms in the metric approach AdS spacetime. In the
following subsections, we will show that Ω is identically zero in Bianchi II, VI0, and
VII0.
3.1 Bianchi VII0 model
Let us start with most interesting case, Bianchi type VII0. Bianchi type VII0 is
defined in (A.7), which has three Killing vectors,
ξ1 = ∂x2 , ξ2 = ∂x3 , ξ3 = ∂x1 − x3∂x2 + x2∂x3 , (3.9)
and three invariant one-forms,
ω1 = cos(x1)dx2 + sin(x1)dx3, ω2 = − sin(x1)dx2 + cos(x1)dx3, ω3 = dx1 . (3.10)
From these, it is clear that along x1, there is no translational invariance, x1 →
x1 + const.
Following [23], we make the following ansatz for the Maxwell field, the vector
field B, and the dilaton field φ,
Aµdx
µ = At(r)dt+ Ax1(r)ω
3 , Bµdx
µ = b(r)ω1, φ = φ(r). (3.11)
Under the ansatz, we obtain equations of motion for At and Ax1 as
∂r(e
v1+v2+v3+2αφ(A′t − ΩA′x1)) = 0 , (3.12)
∂r(e
v1+v2+v3+2αφ{Ω(A′t − ΩA′x1) + fe−2v3A′x1}) = 0 , (3.13)
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where here and hereafter the prime denotes the derivative with respect to r. These
equations are integrated to
ev1+v2+v3+2αφ(A′t − ΩA′x1) = β0 , (3.14)
ev1+v2+v3+2αφ{Ω(A′t − ΩA′x1) + fe−2v3A′x1} = C , (3.15)
where β0 and C are integration constants. By the asymptotic conditions (3.7), (3.8),
and φ → φ0, we obtain A′t(r → ∞) ∼ β0/r3. So, β0 corresponds to the expectation
value of the charge density, 〈 jt 〉 in the dual field theory by the AdS/CFT duality.
Since we are interested in the dual field theory where charge density or charge current
exists, hereafter, we assume that β0 6= 0.
Eliminating At from these two equations (3.14), (3.15), one obtains
Ωβ0 + fe
2αφev1+v2−v3A′x1 = C. (3.16)
Below we discuss the two cases, the one v1 6= v2 and the other v1 = v2, on the horizon,
separately.
Now, first consider the generic case, v1 6= v2 on the horizon. Then, ∂x1 is the
direction of no translational invariance and hence Ωh = 0 by the theorem in Sec. 2.
This implies that C = 0, as f = 0 on H . The equation of motion for Ω is obtained
from the (t, x1) and (x1, x1) component of the Einstein equation (3.2) by eliminating
v′′3 , as
fΩ′′ + f(v′1 + v
′
2 + 3v
′
3)Ω
′
− e−2(v2+v3) [e2v2 (4Ω sinh2 (v1 − v2)− e2αφfA′x1(A′t − ΩA′x1))+ b2Ω] = 0. (3.17)
Eliminating A′
x1
and A′t from Eqs. (3.14) and (3.16) under the condition C = 0, we
obtain a linear differential equation with respect to Ω,
Ω′′ + (v′1 + v
′
2 + 3v
′
3)Ω
′ − e
−2v3
f
[β20e
−2(αφ+v1+v2) + e−2v2b2 + 4 sinh2(v1 − v2)]Ω = 0.
(3.18)
Now suppose there were a nontrivial solution of this equation that satisfies the
two boundary conditions Ωh = 0 and Ω(∞) = Ω0 = 0. This would imply that Ω(r)
must admit a maximal (or minimal) value somewhere if Ω > 0 (or < 0, respectively).
Having a maximal (minimal) value implies that at some radius, say r = rex, Ω
′(rex) =
0, and Ω′′(rex) < 0 (> 0), so that it admits local Maximal (Minimal), and thus that
Ω(rex)Ω
′′(rex) < 0 . (3.19)
However this contradicts with (3.18), since
e−2v3
f
[β20e
−2(αφ+v1+v2) + e−2v2b2 + 4 sinh2(v1 − v2)] > 0 . (3.20)
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Therefore it is impossible to obtain a solution Ω which is not identically zero; the
only allowed solution is Ω = 0 in all the radius.
Next, we consider the case v1 = v2 on the horizon, for which the situation is a
little bit complicated. In this case, the translational symmetry along x1 direction is
recovered on the horizon because the three dimensional spatial metric becomes flat
space under our metric ansatz (3.6). Then, the theorem in Sec. 2 cannot exclude the
possibility that the horizon rotates along x1 direction.
Let us investigate the equations for ξ := v1 − v2 and b,
fξ′′ + {f ′ + f(v′1 + v′2 + v′3)}ξ′ − 2
(
e−2v3 − Ω2
f
)
sinh 2ξ
−e−2(v2+v3)
2
(
1− e2v3 Ω2
f
)
b2 + 1
2
e−2v1fb′2 = 0 , (3.21)
fb′′ + {f ′ + f(v′3 + v′2 − v′1)}b′ − e2(v1−v2)
(
e−2v3 − Ω2
f
)
b = 0. (3.22)
As shown in [23], the near horizon behavior of b is
b ∼ (r − rh)η± , η± = ±iΩh
κ
, (3.23)
where κ = f ′(rh). Since both the solutions are singular at the horizon, we conclude
that their coefficients must vanish in order to have a smooth horizon. This means
that b(r) = b′(r) = 0 near r → rh. Since we solve the 2nd order differential equation,
this means that b(r) = 0 in all the radius. Substituting b = 0 into Eq. (3.21), we
obtain similar singular solutions near the horizon as
ξ ∼ (r − rh)2η± , (3.24)
where we used the fact that ξ = 0 on the horizon. Thus, to have a smooth horizon,
Ωh = 0. Repeating the same argument on Eq. (3.18), we obtain the same conclusion
that Ω = 0 at all the radius outside the horizon.
Given Ω = 0, it is easy to see that the expectation value of the current on the
dual field theory, 〈 jx1 〉 along x1 direction must be zero. By Eq. (3.16), we obtain
A′
x1
= 0. Since 〈 jx1 〉 corresponds to the subleading term in the asymptotic behavior
of Ax1,
Ax1 ≃ A1 + A2
r2
, (3.25)
A′
x1
= 0 means A2 = 0. Thus, we obtain 〈 jx1 〉 = 0, implying that the charge current
is zero along x1 direction, as expected.
3.2 Bianchi VI0
Next, in this subsection, we consider the Bianchi VI0 case. The corresponding three
Killing vectors ξi (i = 1, 2, 3) are
ξ1 = ∂x2 , ξ2 = ∂x3 , ξ3 = ∂x1 + x
2∂x2 − x3∂x3 , (3.26)
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and the invariant one-forms are
ω1 = e−x
1
dx2, ω2 = ex
1
dx3, ω3 = dx1. (3.27)
Clearly there is no translational invariance along x1. Then we obtain Ωh = 0 at the
horizon by the theorem in Sec. 2.
From the Maxwell equation (3.3),
ev1+v2+v3+2αφ(A′t − ΩA′x1) = β0,
ev1+v2+v3+2αφ{Ω(A′t − ΩA′x1) + fe−2v3A′x1} = C. (3.28)
Since Ωh = 0, we obtain C = 0. Thus, similar to the Bianchi VII0 case, we obtain a
linear differential equation for Ω,
fΩ′′ + f(v′1 + v
′
2 + 3v
′
3)Ω
′ − e−2v3 [4 + e−2v1b2 + β20e−2(αφ+v1+v2)]Ω = 0 (3.29)
from the Einstein equation. Just like the Bianchi VII0 case, we have
e−2v3 [4 + e−2v1b2 + β20e
−2(v1+v2)] > 0. (3.30)
This implies that Ω cannot have a solution satisfying Ω(rh) = Ω(∞) = 0, and thus,
Ω = 0 in all the radius.
3.3 Bianchi II
In the case of the Bianchi II, the three Killing vectors are
ξ1 = ∂x2 , ξ2 = ∂x3 , ξ3 = ∂x1 + x
3∂x3 (3.31)
and the invariance one-forms are
ω1 = dx2 − x1dx3, ω2 = dx3, ω3 = dx1. (3.32)
Clearly there is no translational invariance along x1. Then we obtain Ωh = 0 at
the horizon by the theorem in Sec. II.
The Maxwell equation (3.3) gives the same form as the Bianchi VII0 case. Sim-
ilarly, we obtain a linear differential equation for Ω
fΩ′′ + f(v′1 + v
′
2 + 3v
′
3)Ω
′ − e−2v3 [e2(v1−v2) + e−2v2b2 + β20e−2(αφ+v1+v2)]Ω = 0 .
(3.33)
This equation denies the solution where Ω has local maxima/minima so that the
boundary conditions Ω(rh) = Ω(∞) = 0 are satisfied.
We have shown that Ω is identically zero outside the horizon in Bianchi II, VI0,
and VII0 cases by using the assumption β0 6= 0. Note that this assumption is not
necessarily required in Bianchi II, VI0 cases because we can obtain Ω(rex)Ω
′′(rex) < 0
regardless of β0 6= 0. In Bianchi VII0 case, however, we need this assumption to prove
Ω(rex)Ω
′′(rex) < 0. So, it is interesting whether we can show that Ω is identically
zero outside the horizon for the Bianchi VII0 case even when β0 = 0, or the vacuum
case. We leave this question open for future work.
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4. Symmetries broken in the bulk, restored on the horizon
So far we have seen that it is difficult to have a gravitational solution on the Bianchi
type II, VI0, VII0, where Ω is nonzero along a direction on which there is no trans-
lational invariance. One possible exception is that the gauge potential A in Sec. 3
has a mass, just like the case in which a gauge field acquires a mass according to
the superconducting state [23]. However in that case, the black brane horizon itself
is actually not rotating and momentum is carried only by the matter fields outside.
Therefore, it would be interesting to explore whether there exists a stationary black
brane solution, where the horizon is rotating and the momentum flows along the di-
rection with no translational symmetry, evading the symmetry theorem in Sec. 2. As
explained in Sec. 3, this is only possible if v1 = v2 on the horizon in the Bianchi type
VII0 because translational symmetry is recovered on ∂x1 direction on the horizon.
In this section, we will construct such a solution in the Einstein-Maxwell theory
with an additional vector field C that has a potential with a source term. The
horizon is rotating along x1 direction on which translational symmetry is broken
outside the horizon. Such a solution is different from the rotating stationary solutions
numerically found in [34, 35] in the sense that no dissipation occurs in our solution.
4.1 Our model
In the Bianchi VII0, the model we consider is
S =
∫
d5x
√−g
(
R +
12
L2
− 1
4
F 2 − 1
4
W 2 − V (C)
)
, (4.1)
where A and C are one-form potentials,
F = dA , W = dC , (4.2)
and the potential term V (C) for the one-form C is given by
V (C) = a0(C − C0)2 + a1(C − C0)4 , (4.3)
C0 ≡ c0 ω1 , (4.4)
where ω1 is the invariant one-form. Note that the gauge symmetry for C is explicitly
broken by their potential V (C). We regard here, a0, a1, c0 as parameters inducing
the lattice effects. Especially c0 6= 0 is crucial for the source term to be introduced.
Note also that the gauge field A corresponds to normal states in the dual field theory
and accordingly does not have a mass term in (4.1).
This Lagrangian does not have a translational invariant vacuum if these pa-
rameters are nonzero, especially c0 6= 0. We regard that this is a sort of effective
Lagrangian for the model where the lattice effects are introduced so that we do
not have a translationally invariant vacuum. How translational invariant UV theory
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could induce such a source term by symmetry breaking is another question. In this
section, putting aside such a question, we regard the action (4.1) as given and seek
for a solution under the metric ansatz (3.6).
We assume that the flux forms
Cµdx
µ = c(r)ω1, (4.5)
in such a way that at the horizon,
lim
r→rh
c(r)→ 0 . (4.6)
It is rather easy to see that without the potential V (C), the only allowed regular
solution is v1 = v2 in all the radius, implying that the lattice effects disappear. To see
this explicitly, let us first consider the case where a0 = a1 = 0. Then, the equations
of motion for ξ = v1 − v2 and c are equivalent to Eqs. (3.21) and (3.22) by replacing
b with c. So, following the argument in Sec. 3, we obtain ξ = c = 0 in all the radius
when a0 = a1 = 0.
4.2 Equations of motion
We now consider generic a0 6= 0, a1 6= 0 case for the action (4.1). The Einstein
equation is
Rµν =
1
2
FµαFν
α +
1
2
WµαWν
α + {a0 + 2a1(C − C0)2}(C − C0)µ(C − C0)ν
− gµν
12
[
48
L2
+ F 2 +W 2 + 4a1(C − C0)4
]
. (4.7)
Using the metric ansatz (3.6), it is straightforward to obtain the equation of motion
for ξ = v1 − v2 as
fξ′′ + {f ′ + f(v′1 + v′2 + v′3)}ξ′ − 2
(
e−2v3 − f−1Ω2) sinh 2ξ
− e
−2(v2+v3)
2
(
1− e2v3f−1Ω2) c2 + 1
2
e−2v1fc′2
= − a0e−2v1(c− c0)2 − 2a1e−4v1(c− c0)4 . (4.8)
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The equations of motion for Ω(r), v1, v3 are respectively,
Ω′′ + (v′1 + v
′
2 + 3v
′
3)Ω
′ − 4e−2v3f−1 sinh2(v1 − v2)Ω
+ e−2v3A′x(A
′
t − ΩA′x)−
e−2(v2+v3)
f
c2Ω = 0 , (4.9)
fv′′1 + {f ′ + f(v′1 + v′2 + v′3)}v′1 +
1
6
A′2t +
1
6
(Ω2 − fe−2v3)A′2x −
1
3
ΩA′xA
′
t
+ sinh{2(v1 − v2)}f−1Ω2 − e−2v3 sinh{2(v1 − v2)} − 4
L2
+ a0e
−2v1(c− c0)2
+
5
3
a1e
−4v1(c− c0)4 + 1
3
e−2v1fc′2 − e
−2(v2+v3)c2
6
(
1− e2v3f−1Ω2) = 0 , (4.10)
fv′′3 + {f ′ + f(v′1 + v′2 + v′3)}v′3 +
1
6
(A′t − ΩA′x)2 +
1
3
fe−2v3A′2x
+2e−2v3 sinh2(v1 − v2) + e
2v3
2
Ω′2 − 4
L2
− a1
3
e−4v1(c− c0)4
−1
6
fe−2v1c′2 +
c2
6
e−2(v2+v3)
(
2 + e2v3f−1Ω2
)
= 0 . (4.11)
From the constraint equation, we have for f as
1
2
e2v3Ω′2 − 1
2
fe−2v3A′2x +
1
2
(A′t − ΩA′x)2 −
12
L2
+ 2 sinh2(v1 − v2)
(
e−2v3 − f−1Ω2)
+ f ′(v′1 + v
′
2 + v
′
3) + 2f(v
′
1v
′
2 + v
′
2v
′
3 + v
′
3v
′
1) + a0e
−2v1(c− c0)2
+ a1e
−4v1(c− c0)4 − f
2
e−2v1c′2 +
e−2(v2+v3)
2
(
1− e2v3f−1Ω2) c2 = 0 . (4.12)
The equations of motion for the potential A give
ev1+v2+v3(A′t − ΩA′x) = β0 , (4.13)
β0Ω + e
v1+v2−v3fA′x = β1 , (4.14)
and for C,
fc′′ + {f ′ + f(v′3 + v′2 − v′1)}c′ − e2(v1−v2)
(
e−2v3 − f−1Ω2) c
= 2a0(c− c0) + 4a1e−2v1(c− c0)3 . (4.15)
Now, we have additional terms due to a0 and a1, and Eq. (4.15) is a non-linear
differential equation with respect to c. Note that c must vanish on the horizon to
have a regular solution for c, otherwise the l. h. s. of Eq. (4.15) would diverge at
the horizon, due to the term f−1Ω2c when Ωh 6= 0. This implies that the r. h. s. of
Eq. (4.8) becomes non-vanishing on the horizon. By the theorem in Sec. 2, we must
set ξ = 0 on the horizon. Because of these, we can now expand c, vi, and Ω as
c(r) = c1(r − rh) +O(r − rh)2 ,
v1 = v2 +O(r − rh) ,
Ω(r) = Ωh +O(r − rh) ,
c1 = − 2κc0
κ2 + Ω2h
(
a0 + 2a1e
−2v1c20
)
(4.16)
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to have a regular solution, here the coefficient c1 is determined by Eq. (4.15). On
the other hand, at spatial infinity r →∞, c(r) behaves as
c(r) ≃ α+rn+ + α−rn− +
(
1− e
2ξ(∞)
2C3a0
r−2
)
c0, n± = −1∓
√
1 + 2a0L2. (4.17)
According to the AdS/CFT dictionary, the non-normalizable mode rn− and the nor-
malizable mode rn+ correspond to the source term and the expectation value on the
field theory side, respectively. So, we impose a boundary condition,
α− = 0. (4.18)
In addition, we also impose that
Ω(r =∞) = 0, (4.19)
since we are interested in the boundary theory on a static spacetime.
There still remains a gauge freedom for the choice of the coordinates t, r, x2,
and x3 under the boundary conditions (4.18) and (4.19), due to the scaling freedom
r → α1r, t→ t
α1
, x2 → α2 x2, x3 → α2 x3, (4.20)
f → α21f, ev1 →
ev1
α2
, ev2 → e
v2
α2
, (4.21)
which preserves the metric ansatz (3.6) and the asymptotic AdS boundary condi-
tion (3.7) with Ω0 = 0. Thus, to perform the numerics and determine the tempera-
ture uniquely, we shall fix the asymptotic AdS metric as
ds2 ≃ − r
2
L2
dt2 +
L2
r2
dr2 + r2(dx1 + Ω dt)2 + r2eξ(ω1)2 + r2e−ξ(ω2)2. (4.22)
4.3 Numerical solution
Under the boundary conditions (4.18) and (4.19), we numerically construct a rotating
black brane solution in asymptotically AdS spacetime. By imposing regularity on
the horizon, one can derive the following boundary conditions;
ξ′(rh) = − κ b
2
0
κ2 + 4Ω2h
(a0 + 2a1e
−2v1(rh)b20)e
−2v1(rh) , (4.23)
κv′1(rh) +
β20
6
e−2(v1(rh)+v2(rh)+v3(rh)) +
2ξ′(rh)Ω
2
h
κ
− 4
L2
+a0e
−2v1(rh)b20 +
5
3
a1e
−4v1(rh)b40 = 0 , (4.24)
κv′3(rh) +
β20
6
e−2(v1(rh)+v2(rh)+v3(rh))
+
e2v3(rh)
2
Ω′2(rh)− 4
L2
− a1
3
e−4v1(rh)b40 = 0 , (4.25)
β1 = β0Ωh , (4.26)
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where the last equation is derived from Eq. (4.14). Thus, the free parameters on the
horizon are
rh, v1(rh), v3(rh), Ωh, Ω
′(rh), β0, κ. (4.27)
Note that the solution for c is uniquely determined by the regularity condition at
the horizon (4.16) for the given parameters (4.27), and the asymptotic behavior
does not generically match on to the condition (4.18). So, to match on to the UV
boundary condition (4.18), we need to choose a specific value a1 for each parameter
choice (4.27). In addition, to satisfy the UV boundary condition (4.19), we will find
a specific parameter Ω′(rh) for the given values v1(rh), v3(rh), Ωh, β0, κ by a shooting
method 3. This implies that we need to choose a theory a0, a1, and c0 for a given
temperature T = κ
4pi
, angular velocity Ω(rh), and the charge density β0.
Let us pay attention to the case a0 > 0, otherwise, the null energy condition
would be violated asymptotically, as seen below. Then, if the condition (4.18) is
satisfied, c asymptotically approaches c0. We find two solutions by a shooting method
and the parameter choices are
(I) : L =
√
2, v1(rh) = −0.1161, v3(rh) = 0, a0 = 0.1, a1 = −10.82
Ω(rh) = 0.3120, Ω
′(rh) = −1.213, β0 = 0.4861, κ = 1.560, (4.28)
(II) : L =
√
2, v1(rh) = −0.04137, v3(rh) = 0, a0 = 0.1, a1 = −11.17,
Ω(rh) = 0.1808, Ω
′(rh) = −0.7043, β0 = 0.5644, κ = 1.811, (4.29)
as shown in Figure 1 - 8.
1.0 1.1 1.2 1.3 1.4 1.5r
0.9
1.0
1.1
1.2
1.3
1.4
1.5
ãvi
Figure 1: ev1 (solid) and ev3 (dashed) are
shown for the parameter choice (I).
1.0 1.1 1.2 1.3 1.4 1.5r
0.9
1.0
1.1
1.2
1.3
1.4
1.5
ãvi
Figure 2: ev1 (solid) and ev3 (dashed) are
shown for the parameter choice (II).
3Here, rh has gauge degrees of freedom, and we fix it by imposing f to approach r
2/L2 +O(1)
asymptotically.
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2 4 6 8 10 r
0.05
0.10
0.15
0.20
0.25
0.30
8W, Ξ<
Figure 3: Γ = Ω (solid) and Γ = ξ (dashed)
are shown for the parameter choice (I).
2 4 6 8 10 r
0.05
0.10
0.15
8W, Ξ<
Figure 4: Γ = Ω (solid) and Γ = ξ (dashed)
are shown for the parameter choice (II).
2 4 6 8 10 r
0.05
0.10
0.15
0.20
0.25
c - c0
Figure 5: c− c0 is shown for the parameter
choice (I).
2 4 6 8 10 r
0.05
0.10
0.15
0.20
0.25
0.30
c - c0
Figure 6: c− c0 is shown for the parameter
choice (II).
As shown in Figure 1 - 6, all vi logarithmically increases as vi ∼ ln r, while Ω and
c − c0 approach zero. This implies that the spacetime asymptotically becomes AdS
spacetime in the sense mentioned in Sec. 3. Since we are interested in the solution
satisfying the null energy condition, i. e., RµνK
µKν ≥ 0 for any null vector K, it
is worth investigating whether it is satisfied in our solution. Contracting Eq. (4.7)
with a null vector K, we find
ρ := RµνK
µKν = 1
2
(FµαFν
α +WµαWν
α)KµKν
+{a0 + 2a1(C − C0)2}{(C − C0)µKµ}2. (4.30)
As the first two terms in the r. h. s. are kinetic terms, they would be positive. So,
only the term with a negative coefficient a1 would be negative. This implies that the
null energy condition might be violated when g(C − C0, K) is large. To investigate
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1.5 2.0 2.5 r
0.5
1.0
1.5
2.0
Ρ
Figure 7: ρ = RµνK
µKν for γ = 1 (solid),
γ = 2 (dashed), and γ = 3 (dotted) are shown
for the parameter choice (I).
1.5 2.0 2.5 r
0.2
0.4
0.6
0.8
1.0
1.2
Ρ
Figure 8: ρ = RµνK
µKν for γ = 1 (solid),
γ = 2 (dashed), and γ = 3 (dotted) are shown
for the parameter choice (II).
the sign of Eq. (4.30), we prepare the following pseudo-orthonormal vectors,
l+ = ∂t − Ω∂x1 + f∂r,
l− =
1
2
(
1
f
∂t − Ω
f
∂x1 − ∂r
)
,
E3 = e
−v3∂x1 ,
E1 = e
−v1(cosx1 ∂x2 + sin x
1 ∂x3),
E2 = e
−v2(sin x1 ∂x2 − cosx1 ∂x3) (4.31)
satisfying the relation
g(l±, l±) = g(l±, Ei) = g(Ei, Ej) = 0 (i 6= j),
g(l−, l+) = −1, g(Ei, Ei) = 1. (4.32)
Note that l+ and l− represent outward and inward pointing null vectors, respectively.
Thus, l+ becomes a tangent vector of the null geodesic generator on the horizon.
As E2 and E3 are orthogonal to C − C0 vector, we shall consider a null vector
K as
K = l+ + ζl− + γE1. (4.33)
By requiring g(K, K) = 0, we find ζ = γ2/2. In Figure 4, we plot ρ := RµνK
µKν for
several parameters γ and find that ρ is always positive for each parameter choice (I)
and (II). This indicates that the null energy condition is satisfied in our numerical
solution.
The Kretschmann scalar curvature invariant K = RµναβR
µναβ can be expanded
near the horizon r = rh as a series in (r− rh). Under the ansatz (4.16), we find that
K can be expanded as K = α0 + α1(r − rh) + · · · < ∞, where αi (i = 0, 1) is a
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finite coefficient. In this sense, the numerical solution is regular near the horizon. As
mentioned in Sec. 1, this indicates that the black brane solution is not analytic but
regular on the horizon since the horizon can be compactified, due to the periodicity
of the lattice structure. Thus, the solution would be the first example of a stationary
black hole solution with a compact rotating horizon which evades the rigidity theorem
by violating one of the crucial conditions, analyticity.
5. Summary and discussion
In this paper, we have studied in what circumstances a Bianchi black brane can
have momentum along a direction with translational invariance being broken. First,
after having given the theorem concerning the decomposition of a Killing vector on
the horizon, we have shown that in the Einstein-Maxwell-dilation theory, stationary
Bianchi black branes of the type II, VI0, and VII0 cannot convey momentum along
the direction of no translational invariance. For these cases, we have shown under
our metric ansatz (2.2) that the time-asymmetric part of the metric, Ω(r), must be
identically zero in the entire region outside the horizon, and thus the geometry must
be static. Two main obstacles for constructing such solutions are the rigidity theorem
and our choice of boundary conditions: The former prevents the horizon from rotating
and the latter, reflecting the requirement for the absence of non-normalizable mode,
gives the tight restriction so that Ω = 0 both at the horizon and infinity.
Next we have considered Bianchi VII0 black branes in the Einstein-Maxwell the-
ory with an additional vector field having a source term. We have numerically con-
structed a solution whose horizon admits a translational invariance and thus conveys
momentum with non-vanishing Ω on the horizon, which can be viewed as “rotation”
if the horizon cross-sections are compactified. Interestingly, the translational invari-
ance is broken just outside the horizon. Therefore our solution indicates the existence
of a black brane solution which is regular but non-analytic at the horizon, thereby
evading the black hole rigidity theorem. Our construction largely relies upon numer-
ical calculation. It is hoped to justify by using some analytic methods, the existence
of such a Bianchi black brane solution with a translational invariance being broken
in the bulk, but restored only on the horizon. It is interesting to consider a dual field
theory interpretation of this solution, and also questions like what is the field theory
dual of analyticity of radial direction in bulk.
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A. Bianchi classification
The Bianchi classification of 3-dimensional homogeneous spaces is in essence a classi-
fication of connected, simply connected 3-dimensional Lie-groups, which are classified
into 9 types by the structure constants CKIJ (I, J, K = 1, 2, 3) of the correspond-
ing Lie-algebras
[ξI , ξJ ] = C
K
IJξK , (A.1)
with {ξI} being the generators of the Lie-algebras. Then, one can choose the invariant
basis vectors {XI} so that
[XI , XJ ] = −CKIJXK , (A.2)
which can also be expressed in terms of the invariant dual basis one-form {ωI} as
dωI =
1
2
CIJK ω
J ∧ ωK . (A.3)
In this appendix, we provide the structure constants, the generators, the invariant
basis, and the invariant one-forms for the 3 types directly relevant to our black brane
solutions, among 9-types of the Bianchi class.
• Type II: C123 = −C132 = 1 and the rest CIJK = 0
ξ1 = ∂x2 X1 = ∂x2 ω
1 = dx2 − x1dx3
ξ2 = ∂x3 X2 = x
1∂x2 + ∂x3 ω
2 = dx3
ξ3 = ∂x1 + x
3∂x2 X3 = ∂x1 ω
3 = dx1
(A.4)
• Type VI0: C113 = −C131 = 1, C223 = −C232 = −1 and the rest CIJK = 0
ξ1 = ∂x2 X1 = e
x1∂x2 ω
1 = e−x
1
dx2
ξ2 = ∂x3 X2 = e
−x1∂x3 ω
2 = ex
1
dx3
ξ3 = ∂x1 + x
2∂x2 − x3∂x3 X3 = ∂x1 ω3 = dx1 (A.5)
• Type VII0: C123 = −C132 = −1, C213 = −C231 = 1 and the rest CIJK = 0.
ξ1 = ∂x2 X1 = cos(x
1)∂x2 + sin(x
1)∂x3
ξ2 = ∂x3 X2 = − sin(x1)∂x2 + cos(x1)∂x3
ξ3 = ∂x1 − x3∂x2 + x2∂x3 X3 = ∂x1 (A.6)
and
ω1 = cos(x1)dx2 + sin(x1)dx3,
ω2 = − sin(x1)dx2 + cos(x1)dx3, ω3 = dx1 . (A.7)
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